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Abstract  
Inspired by complete graph theory, we demonstrate that a metallic claw "meta-
atom" structure can carry a high number of nearly degenerate resonant modes. A 
photonic meta-crystal composing of a lattice of such meta-atoms exhibits a large 
number of flat bands that are squeezed into a narrow frequency window, and these 
flat bands can be designed to locate in a wide complete 3D bandgap. The 
degeneracy dimension (Nf) of the flat bands is determined by the number of 
branches (Nb) of the metallic claw with Nf=Nb-3, which is geometrically related to 
the complete graph theory. Different from those flat bands emerging from special 
lattice arrangements (e.g., Kagome lattice), the isolated flat bands here are 
insensitive to lattice perturbations. The proposed mechanism offers a new 
platform for realizing various dispersion-less phenomena and a new paradigm to 
realize high density of states and spectra compressing. 
 
Introduction 
Flat bands[1-5] refer to that spectral bands are dispersion-less or nearly so and their 
energy spectrum 𝐸(𝑘)  are almost independent of momentum 𝑘 . In photonics, the 
realization of flat bands has been long pursued[6] for  enhancing light-matter interaction 
with slow light[7-9] and wave localization[10,11], or it offers platforms for other 
applications such as distortion-free imaging and pulse buffering in nonlinear 
optics[12,13]. Typically, flat bands are found in the Dice[1], Lieb[3], Kagome[14,15] 
and other lattices[16,17] due to destructive interference, where fine-tuned nearest- and 
next-nearest neighboring hopping parameters are the key factors. Researchers have 
used waveguide arrays [10,18-23], dielectric/plasmonic resonators[24-32] and fine- 
tuned photonic crystals[33-35] to realize photonic flat bands, where high dielectric 
contrast or exact lattice symmetry are required. However, these mechanisms inspired 
by analogies with “frustrated” condensed matter systems[5,36,37] exhibit many 
limitations in the photonic regime where photonic bands usually arise from multiple 
coherent scattering rather than the hopping of local atomic orbits. Moreover, realization 
of full three dimension flat bands[38] is very challenging using such lattice arrangement. 
 
In this letter, we demonstrate that three-dimensional (3D) flat bands can be realized 
using a periodic array of claw-like metallic structures. Isolated flat bands[39,40] 
existing in an absolute band gap emerge in such photonic crystals, and the flat-band 
modes are strongly localized near the meta-atoms. Different from the previous works, 
the flat bands are extremely stable when lattice constant changes. In addition, we find 
an interesting relation between the number of claw-branches and the number of flat 
bands, and the relation can be understood readily when we see that the claw-like 
structure is a manifestation of a “complete graph” from a geometrical point of view. 
Recently, geometric aspects of physics have attracted a lot of attention. In photonics, 
various topological photonic semimetals and insulators[41] have been theoretically 
proposed and experimentally verified. Their properties are characterized by integers 
and are stable against local perturbations. For example, the number of edge states of 
photonic Haldane model[42,43] is directly related to its bulk integer Chern number 
defined in momentum (parameter) space[44].  Here, the real space geometry of the 
meta-atom generates interesting physics. We will see below that the electromagnetic 
response of the metallic claw structure can be described by a dynamic matrix that mimic 
the Laplacian matrix in complete graph theory[45], giving rise to highly degenerate 
localized modes which become the flat bands when the meta-atoms form a 3D crystal. 
Figure 1a shows a simple complete graph 𝐾&, where each pair of graph vertices (red 
dots) is connected by an edge (black line). There are 𝑛 vertices and ( ()*+  undirected 
edges in a complete graph 𝐾(. Mathematically, each complete graph 𝐾( is precisely 
characterized by Laplacian matrix. For example, 
𝐿 𝐾& = 3 −1 −1 −1−1 3 −1 −1−1 −1 3 −1−1 −1 −1 3                                         (1) 
where each entry indicates the connection conditions, such as 𝐿11 = 3 being the degree 
of vertex 𝑖  and 𝐿13 = −1 when 𝑖 ≠ 𝑗 . From a physics viewpoint, each entry of the 
matrix can also be read as the hopping term in a tight-binding model. 
Generally, the spectra of Laplacian matrix are given by, 
𝑆𝑝𝑒𝑐𝐿 𝐾( = 0, 𝑛, … , 𝑛()*                                              (2) 
which are highly degenerate except for the first 0-eigenvalue state with eigenvector 1,… ,1 *×( . The flat bands of our meta-crystal arise from the 𝑛 − 1  non-zero 
degenerate eigenvalues. 
 
Results: Metallic claw structure and photonic flat bands 
We start with a metallic claw structure with C4 rotation symmetry. As shown in Fig. 
1(b), each meta-atom consists of two perpendicularly placed split ring resonators (SRRs) 
which touch each other on the top, forming a four-branch claw. The whole meta-crystal 
is formed by arranging the claw structure in a primitive 3D tetragonal lattice. In the 
simulation, we assume the hosting material is air and regard metallic components as 
perfect electric conductors (PEC), which is a good approximation in microwave, 
teraherz and even far-infrared bands. Figure 1(c) schematically shows the effective 
electric circuit describing the electromagnetic response of the metallic claw structure, 
where each capacitor works as an edge in the complete graph and there are 6 possible 
edges. We have effectively introduced the capacitance 𝐶′  (between next-nearest 
branches) to distinguish with 𝐶 arising from those nearest neighbor branches. 
The CST simulated photonic band structures and density of states (DOS)[46] are shown 
in Fig. 1(e, f) with the first Brillouin zone (FBZ) depicted in Fig. 1(d). The structural 
parameters are given in the figure caption. There is a 3D bandgap between the second 
and fourth bands, inside which lies a third band that is flat throughout the 3D FBZ and 
has no crossing with other bulk bands. We dubbed it an isolated flat band. The isolated 
flat band has almost vanishing dispersion among the full 3D FBZ, while the flat bands 
found in many previously works are typically dispersion-less in some particular planes 
or along some particular directions. As the flat band lines in a gap with the width of 
1.73GHz at around 25 GHz, it cannot hybridize with the dispersive states and spans an 
orthogonal state-space by itself. 
 
Relationship with complete graph 
The flat bands originate from a set of highly localized degenerate modes of the meta-
atoms. The underlying mechanism can be understood through local potential orbitals 
by analyzing the equivalent electric circuit consisting of capacitors and inductors (Fig. 
1c). Following Chua’s circuit notation[47,48], the Lagrangian of the circuit reads, 
ℒ = 𝐶2 𝜑* − 𝜑+ + + 𝜑+ − 𝜑D + + 𝜑D −	𝜑& + + 𝜑& −	𝜑* + 	
+𝐶F2 𝜑* − 𝜑D + + 𝜑+ − 𝜑& + − 12𝐿 𝜑*+ + 𝜑++ + 𝜑D+ + 𝜑&+  
(3) 
where 𝜑G indicates local potential on the branch 𝑚 as shown in Fig. 1(b-c). Without 
loss of generality, we have assumed 𝜑I = 0. The Euler-Lagrange equation of motion 
is then, 
𝐼* = KKL MℒMNO − MℒMNO = 𝐶 2𝜑* − 𝜑+ − 𝜑& + 𝐶F 𝜑* − 𝜑D + *P 𝜑*                (4) 
where 𝐼* indicating external current has been set to 0 as our system is source-free. In 
the same way, one can obtain 𝐼+,D,& = 0 and expressing in the matrix form, we get, 
(𝜔+𝐻 − *P 𝐼&×&)𝛷 = 0                                         (5) 
where, 
𝐻 = 2𝐶 + 𝐶′ −𝐶 −𝐶′ −𝐶−𝐶 2𝐶 + 𝐶′ −𝐶 −𝐶′−𝐶′ −𝐶 2𝐶 + 𝐶′ −𝐶−𝐶 −𝐶′ −𝐶 2𝐶 + 𝐶′                                (6) 
and 𝛷T = 𝜑*, 𝜑+, 𝜑D, 𝜑& . The dynamic matrix 𝐻  shows strong resemblance to 
Laplacian matrix as mentioned above (Eq. 1). Different from the ideal complete graph 𝐾&, there are two sets of weighted edges 𝐶 and 𝐶′ which are slightly different. 
The condition of det(𝜔+𝐻 − *P 𝐼&×&) = 0 gives non-zero solution to Eq. 5 as, 
𝜔D = *+ XP , 𝛷DT = *+ −1,1, −1,1 𝑒)1YL𝜔& = *+ XZX[ P , 𝛷&T = *+ 0, −1,0,1 𝑒)1YL𝜔\ = *+(XZX[)P , 𝛷\T = *+ −1,0,1,0 𝑒)1YL                             (7) 
where 𝛷& and 𝛷\ are degenerate states representing the two orthogonal dipole moments 
(𝑝],^ ) of two independent SRRs. Here, the most interesting mode 𝛷D  shows the 
symmetry of an 𝑑]`)^` orbital and is orthogonal to the 𝑝],^ orbitals. The flat band of 
the photonic crystal is the Bloch state comprising this 𝛷D mode. This mode arises only 
when the two SRRs touch each other. The CST simulated electric/magnetic field 
distributions of the flat band from several high-symmetry k-point as shown in Fig. 2 
corroborates with our circuit prediction. At Γ, electromagnetic eigen-fields on the 
cutting plane 𝑧 = 0 oscillate symmetrically. At 𝑋, 𝑀 and 𝐴, the electromagnetic eigen-
fields remain almost the same, which further indicates the flatness of the isolated band 
(derived from	𝛷D), and the mode profiles are very similar for different momentum 𝑘. 
 
Similar to the spectra of a Laplacian matrix (Eq. 2), there are 3 non-zero eigenvalues in 
claw structure shown in Fig. 1b, with two of them being the dipole modes (𝑝],^), leaving 
one degree of freedom to contribute to the flat band. For claws with more branches, we 
can predict a general relation between the number of flat bands (𝑁f) and number of 
branches (𝑁g) as 𝑁f = 𝑁g − 3. The dimension of the flat-band sub-space gets bigger 
with an increasing number of branches, squeezing more and more flat bands into a 
narrow band of frequency. The zero-eigenvalue mode of a single meta-atom 
corresponds to 𝑝h orbital excitation with electric/magnetic field shown in Fig. S1[49]. 
 
Schematically, Figure 3 shows the local orbitals giving rise to the flat bands with 
number of branches increasing from 𝑁g = 3 to 6. Without going through a tedious 
derivation of the Lagrangian (See for example, Eq. S1-S4)[49], all of them can be 
simply solved using the corresponding Laplacian matrix of a weighted complete graph 
as shown in the first column, where edges with different colours represent different 
weights. In realistic metallic claw structures, the different weights correspond to 
different capacitances between pairs of branches. The level of degeneracy of those flat 
bands is simply determined by the differences of those capacitances. Although it is hard 
to make the capacitances exactly the same in practice, a symmetrical design can make 
the differences smaller. In the second column, we explicitly provide the potential 
distributions of the dipole excitations where red and light-blue colours indicate 
respectively positive and negative potential distributions with the size representing the 
amplitude. The blue arrows show the dipole magnitude and directions defined as 𝑝 =𝑟1𝜑11 . The third column shows higher-multipole excitations. Different from the dipole 
excitations, the higher-multipole orbitals consist of alternating positive and negative 
potentials, thus the sum of potential distributions vanishes as 𝑟1𝜑11 = 0 . The 
dimension of higher-multipole orbitals determines the number of flat bands (𝑁f). For 
the 𝐾D  case, there is no higher-multipole excitation, which agrees well with the 
geometric prediction of 𝑁f = 𝑁g − 3. From 𝐾&  on, the number of higher-multipole 
modes increases linearly with the number of branches as indicated by the orange arrow 
in Fig. 3. 
In order to verify those predictions, we show in Fig. 4 the evolution of the band structure 
as the number of branches changes. In the left inset, we show the metallic claw 
structures with the number of branches ranging from 𝑁g = 3 to 6. These claws are 
arranged in a primitive tetragonal lattice to build the photonic meta-crystal. For 
simplicity, we also assume all claw-structures possesses 𝐶jk rotation symmetry in each 
unit cell, although it is not compatible with the tetragonal Bravais lattice when 𝑁g ≠ 4. 
The orientation of the claw structure within the unit cell does not affect the existence 
of the flat bands. In the right column, the corresponding band structures and DOS[46] 
for different 𝑁g are shown. We have normalized the DOS[46] within the interval of 0 
to 1 to reveal the contrast between the flat bands and dipolar pass bands. In order to 
clearly count the number of isolated flat bands and to check more details, different line 
styles are used and indicated in the figure. We find that the bands will become flatter 
when each unit cell gets bigger (keeping the size of claw-structure the same). Therefore, 
the small dispersions of the flat bands originate from the weak coupling of the localized 
modes between neighbouring meta-atoms. However, when the lattice constant gets too 
big, the gap will close as the Bragg scattering of the dipolar modes becomes too weak 
to sustain a complete gap. In that limit, the flat bands will intersect with the dipolar 
band manifold and no longer exist in a clean absolute gap. 
As predicated above, we observe a 𝑁f = 𝑁g − 3 rule for the claw structures. When 𝑁g = 3, there is no flat band even though the bandgap width is larger than 1.4GHz[50]. 
The DOS peak at the frequency corresponds to the lower boundary of the bandgap. 
Isolated flat bands emerge when 𝑁g > 3, and all are confined inside a narrow frequency 
window (from 24.24 GHz to 24.53 GHz for the structural parameters specified in Fig. 
1). The number of flat bands inside the band gap increases with the number of branches 
in the claw, and the corresponding DOS in the flat-band frequency window grows 
dramatically, which can potentially facilitate applications that requires a high photonic 
DOS. The 𝐾+I case is shown in Fig. S2(a)-(b)[49] to further illustrate this phenomena. 
In particular, there are 17 flat bands in total as one can check in Fig. S2(c)[49], 
confirming again the 𝑁f = 𝑁g − 3 rule. 
A unique feature of the metallic claw design, as the realization of a complete graph, is 
that the dimension of flat-band set depends on the number of branches and as such, we 
can arbitrarily enlarge the flat-band sub-space without shifting their operating 
frequency. As the spectral property of a complete graph is mainly determined by 
geometry and connectivity, the structural details of the meta-atoms are unimportant, 
and hence the flat bands and the related phenomena are robust even if the real samples 
deviate from the theoretical design (Fig. S3, [49]). On the other hand, their very high 
DOS and the high Q-factors of the high order orbitals render these complete-graph-
inspired systems sensitive to environmental external fields, making them good 
platforms for information sensing. 
 
Conclusion 
In conclusion, we have designed claw-like metallic meta-atoms inspired by complete 
graph theory. We investigated photonic crystals composing of these meta-atoms and 
found isolated flat bands confined in a narrow frequency window. Different from 
previous works based on lattice geometry, the flat-band mode is insensitive to structural 
and lattice parameter perturbations. We found a simple relation governing the number 
of flat bands (𝑁f), which can easily be understood by mapping to the corresponding 
weighted complete graph. The highly degenerate flat bands and the associated high 
DOS persist even if the lattice (translation symmetry) is destroyed as the phenomena 
originate from internal degrees of freedom of the metallic claws. 
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FIG. 1. Schematic view of metallic claw-like structures and flat bands. (a) Complete 
graph 𝐾&  with four vertices and six edges. (b) Geometry of the claw-like metallic 
structure with 𝐶& rotation symmetry with length 𝑙=1.74mm, gap 𝑔=0.615mm, diameter 𝑟=0.21mm, as the building block of a primitive tetragonal photonic crystal with lattice 
constant 𝑎=3.5mm. (c) Effective electric circuit with inductors (𝐿) and capacitors (𝐶 
and 𝐶′). (d) Three-dimensional first Brillioun zone (FBZ). Black solid lines show the 
paths followed by energy bands in (f). (e) Isolated flat band (surface with red edge) 
located in a complete band gap with 𝑘h = 0. The fourth quadrant has been cut to show 
the sectional view for clarity. (f) Photonic band structure along a specific path as 
indicated in (d), with normalized density of states (DOS) shown in the right panel. The 
sharp peak in DOS stems from the flat band (red line, left panel) while zero DOS 
corresponds to the complete band gap. 
  
 
FIG. 2. Eigen-fields at high symmetry points of the isolated flat band for the 𝐶& metallic 
claw structure. The direction of arrow refers to the direction of electric (magnetic) field 
while its size representing the local intensity. The eigen-fields are in good agreement 
with our theoretical predication. 
 
 
 
FIG. 3. Complete graph analogy of the metallic claw-like structures. The left column 
illustrates equivalent complete graph circuits of different 𝑁g (the number of branches 
for each “claw”), while the middle and the right columns show their corresponding 
eigen-potential distributions. Red (light-blue) disk represents positive (negative) 
electric potential, and its radius represents the absolute value of each potential. The 
number of eigenstates increases with 𝑁g. For each single claw-like metallic structure, 
there are two non-collinear dipole excitations. Higher-multipole excitations appear 
when 𝑁g ≥ 4, concomitant with the emergence of flat bands. The number of flat bands 
(𝑁f) varies with 𝑁g as 𝑁f = 𝑁g − 3. 
 
 
 
FIG. 4. The relation between number of branches 𝑁g and degeneracy of flat bands (FB) 𝑁f. The left column (a, c, e and g) shows metallic claw structures with different 𝑁g, 
with its top view presented in the top left inset. The right column (b, d, f and h) presents 
the corresponding band structure and DOS from 20GHz to 30 GHz. When 𝑁g increases, 
the shape of dispersive band remains almost unchanged. Furthermore, the flat bands 
remain at essentially the same frequency as 𝑁f increases, squeezing many bands into a 
narrow frequency window. 
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